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1 Introduction

Superforms are extended versions of differential forms which include superspace
coordinates. For example a one-form superform can be written as,

A=dMAy = dz™A,, + d8* A, + dfs A (1)

The purpose of this note is to solve the constraints and Bianchi identities for
a super 2-form Gauge field. An analogous calculation has been done in [1] for
1-form gauge field. We will proceed similarly. Variation of a p-form gauge field
is given in terms of a (p-1)-form.

0Ap, =dK,_ (2)
Field strength of a gauge p-form is given as,
F,p1 = dA, (3)
Bianchi identities are given as,
dFp41 =0 (4)

All the details of “d” operator in superspace are given in [1].

2 Antisymmetric Gauge Field

Second rank antisymmetric gauge field are contained in chiral spinor superfield.
Chiral spinor superfield is given as [2],

Vo = o + 0o (A(@) + iB(x)) + 6° Fap + 62(xa + 0, 311") (5)
Its gauge transformation is given as,
60U, =iD?’D, K (6)

The spinor superfield strength is given as,
G = D"V, + DV, (7)

So from this we know that once we enter the superfield language every super
gauge field component can be represented in terms of chiral spinor superfield.



3 Field Strengths

Here we have listed field strengths of p=1,2,3 and 4 superforms. Following from
(2-4) equations for p-form become Bianchi identities for (p-1)-form and hence
those equations must be set to 0. Similarly variation of p-forms are given by

(p-1)-form set of equations.

3.1 p=1

Field strength of the zero-form A is a one-form,
F,=D,A
F,=0,A

3.2 p=2
Fop = 0q Ay — OpAq
Fop = D(adp)
Fo, = DAy — OpAq
Fop= DQAB + DBAQ — 207 ;A

The gauge transformation of 1-form gauge field can be read from last section,

0An =D.B

0A, =0, B

here B is just a zero-form.

3.3 p=3
Fopy = DaApy)
Fapy = D(aAg)y + DyAag +120(0s Ap)c
Faﬁc = D(aAB)c + 801404,6’
_ 4

Fch = DOZABC + DBAQC + E)CA(XB + ZUaBACd

Fabc = DozAbc - 8b/lozc - 8(:1404!;

Fabc = aaAbc - ab‘Aca - acAab

(14)

(15)



3.4 p=4

Bagvs = Do Fpus) (22)

B g5 = D(aFp,5 + DsFapy — 200, sFiguya (23)
Bigss = DiaFyp5 + Dio Fops) = 120 (a5 Flp)é)a (24)
Bagvd = D Fpuya — 0aFupy (25)

Bagid = Do Fgyoa + DyFapa — 0aFapi — i2UEiaDF3)de (26)
Buped = D(aFp)ed + 0cFapa (27)

Byjed = DaFpeq = DyFaca + 0cF g — 10 s Feac (28)
Babed = DaFred — OpFacq (29)

Babed = OjaFyeal (30)

These equations become the Bianchi identities for a 2-form gauge field and hence
each of these should vanish.

4 Constraints

To consistently solve Bianchi identities (22-30) for a 2-form we need certain
constraints on the Field strengths. The reason for constraints is that when
we went from an ordinary form to a superform we increased the degrees of
freedom. To restore the actual number we need to impose certain constraints
(for eg putting certain field strengths to 0) such that we get our original dofs
back. The constraints should be consistent with Bianchi identities.

To begin with we will impose the following constraints,

FOé,B’Y =0 FOé,B"Y =0 Foz,Bc:O (31)

Let us first look at Fi,sy = 0 constraint. This trivially satisfies the Bianchi
identity (22). Now to solve it we look at field strength equation (16)

DaAﬁ'y + DﬁAva + DvAaﬁ =0 (32)

Introducing a new spinor superfield Uz we see that the following form of A,g
solves the constraint,
Aa[g = D,Ug + DgU, (33)

Thus we have solved A,p in terms of a spinor superfield Ug. (31b) and (31c)
again trivially satisfy the Bianchi identity [23]. Now plugging the constraints in
[24] we get,

Fope=—10,,3G (34)

Here G is a Superfield. Thus overall we have the constraint (31) and (34).
So now we have everything we need to solve for Ap;n. These constraints are
sufficient to solve the 2-form.



5 Solution

We will solve for Apsn using equations(16-21) and (31,34). In the last section
we have already found A,g. Using constraint (31b) in field equation (17) we
get Ag. in terms of Ag; and U,,

e 1
@QU(apAﬂ)c = D Agyy + iDbAaﬁ (35)

Now we plug this in the field strength equation (18) and also use constraint
(31c). Finally we get the solution as,
AaB :DaUﬂ+DlgUa_7;2U(CXBUc (36)

The U, superfield was added as it would vanish in a symmetric combination.
Now we will solve for A,; Using constraint (31) in Field equation (18) we get,

DaAﬁ,) + DBAap + D,-,Aaﬁ + Z'QO'(Cw)Aﬁ)C =0 (37)

We have put equation (36) to use here,

Do DyUp + DDy Uy + Dy DoUg + Dy DpUs, — 2i0 (.., DgyUq + i20¢,,,Ag)c = 0

(38)
Simplifying this we get,
—i20(,,Ap)e = 2i0(,, Dg)Ua + i20(,, Ap)e (39)
From this we can read of the expression Ag,.
A@c =D, Uy, — U, + Z'O'ba,',‘_/l) (40)

The additional chiral superfield V* was added since it does not appear in a
symmetric combination of J(CM.A/_;)C.

In a similar manner A,, can be found. To summarize we have found the
following results for Ay,

Anp = DoUs + DyU, (41)

Ang = DalUs+ DU — i20¢ ;U (42)

Ao = 02, T” + DUy — 0U, (43)

Ay = SoW DTy + 534 DiT5] + U, — U (44)
Do Vs =0 (45)

6 Transformation

With this we have expressed all components of Ay in terms of U,,U, and V.
Now we know that variation of a p-form is given in terms of (p-1)-form from
equation (11). So we need to have,

51404,3 = DaBﬂ + DgBa (46)



Now from (33) we have,
dAap = DodUg + DgdU, (47)
Thus we can infer from (46) and (47) that,
0Uq = By +iD A (48)

Here A is a real superfield. Following a similar procedure we find that,

0T, = iD?*D,A (49)
80Uy = By + DA (50)
6U, = B, + 027 [Dg, Dy]A (51)

B, and B, can be used to gauge away U, and U,. Thus everything an be
written in terms of spinor superfield V,,. From the Field Strength equation (19)
we find the form of G,

G= %(Dava + D%V) (52)

This matches with the expected value and thus, we have fully solved the equa-
tions.

7 Conclusion
We saw that to solve Bianchi identities we need the following constraints.
Fapy =0 Fapy =0 Fape=o (53)

F,4. = —i0,,4G (54)

This gave us each component of Ap;n in terms of a spinor superfield V,,, just
like we wanted as in [2]. We also saw that the field strength was given as G
(52) whose form again matched with [2]. Hence we consistently solved the p=2
superform.

The non-trivial aspect of this calculation is finding the constraints. In this
short note our main concern was to solve the two form relations and hence not a
lot of thought was put in the origin of these constraints. For a detailed account
on how to find the constraints refer to [4].
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