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1 Introduction

Superforms are extended versions of differential forms which include superspace
coordinates. For example a one-form superform can be written as,

A = dzMAM = dxmAm + dθαAα + dθ̄α̇Ā
α̇ (1)

The purpose of this note is to solve the constraints and Bianchi identities for
a super 2-form Gauge field. An analogous calculation has been done in [1] for
1-form gauge field. We will proceed similarly. Variation of a p-form gauge field
is given in terms of a (p-1)-form.

δAp = dKp−1 (2)

Field strength of a gauge p-form is given as,

Fp+1 = dAp (3)

Bianchi identities are given as,

dFp+1 = 0 (4)

All the details of “d” operator in superspace are given in [1].

2 Antisymmetric Gauge Field

Second rank antisymmetric gauge field are contained in chiral spinor superfield.
Chiral spinor superfield is given as [2],

Vα = ηα + θα(A(x) + iB(x)) + θβFαβ + θ2(χα + i∂αβ̇ η̇
β̇) (5)

Its gauge transformation is given as,

δΨα = iD̄2DαK (6)

The spinor superfield strength is given as,

G = DαΨα + D̄α̇Ψ̄α̇ (7)

So from this we know that once we enter the superfield language every super
gauge field component can be represented in terms of chiral spinor superfield.
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3 Field Strengths

Here we have listed field strengths of p=1,2,3 and 4 superforms. Following from
(2-4) equations for p-form become Bianchi identities for (p-1)-form and hence
those equations must be set to 0. Similarly variation of p-forms are given by
(p-1)-form set of equations.

3.1 p=1

Field strength of the zero-form A is a one-form,

Fα = DαA (8)

Fa = ∂aA (9)

3.2 p=2

Fab = ∂aAb − ∂bAa (10)

Fαβ = D(αAβ) (11)

Fαb = DαAb − ∂bAα (12)

Fαβ̇ = DαĀβ̇ + D̄β̇Aα − i2σc
αβ̇
A (13)

The gauge transformation of 1-form gauge field can be read from last section,

δAα = DαB (14)

δAa = ∂aB (15)

here B is just a zero-form.

3.3 p=3

Fαβγ = D(αAβγ) (16)

Fαβγ̇ = D(αAβ)γ̇ + D̄γ̇Aαβ + i2σc(αγ̇Aβ)c (17)

Fαβc = D(αAβ)c + ∂cAαβ (18)

Fαβ̇c = DαAβ̇c + D̄β̇Aαc + ∂cAαβ̇ + iσd
αβ̇
Acd (19)

Fαbc = DαAbc − ∂bAαc − ∂cAαb (20)

Fabc = ∂aAbc − ∂bAca − ∂cAab (21)
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3.4 p=4

Bαβνδ = D(αFβνδ) (22)

Bαβνδ̇ = D(αFβν)δ̇ + D̄δ̇Fαβν − i2σd
(α|δ̇F|βν)d (23)

Bαβν̇δ̇ = D(αF̄β)ν̇δ̇ + D̄(ν̇Fαβδ̇) − i2σd(α(ν̇|F|β)δ̇)d (24)

Bαβνd = D(αFβν)d − ∂dFαβν (25)

Bαβν̇d = D(αFβ)ν̇d + D̄ν̇Fαβd − ∂dFαβν̇ − i2σd(αν̇Fβ)de (26)

Bαβcd = D(αFβ)cd + ∂[cFαβd] (27)

Bαβ̇cd = DαFβ̇cd − D̄β̇Fαcd + ∂[cFαβ̇d] − iσe
αβ̇
Fcde (28)

Bαbcd = DαFbcd − ∂[bFαcd] (29)

Babcd = ∂[aFbcd] (30)

These equations become the Bianchi identities for a 2-form gauge field and hence
each of these should vanish.

4 Constraints

To consistently solve Bianchi identities (22-30) for a 2-form we need certain
constraints on the Field strengths. The reason for constraints is that when
we went from an ordinary form to a superform we increased the degrees of
freedom. To restore the actual number we need to impose certain constraints
(for eg putting certain field strengths to 0) such that we get our original dofs
back. The constraints should be consistent with Bianchi identities.

To begin with we will impose the following constraints,

Fαβγ = 0 Fαβγ̇ = 0 Fαβc=0 (31)

Let us first look at Fαβγ = 0 constraint. This trivially satisfies the Bianchi
identity (22). Now to solve it we look at field strength equation (16)

DαAβγ +DβAγα +DγAαβ = 0 (32)

Introducing a new spinor superfield Uβ we see that the following form of Aαβ
solves the constraint,

Aαβ = DαUβ +DβUα (33)

Thus we have solved Aαβ in terms of a spinor superfield Uβ . (31b) and (31c)
again trivially satisfy the Bianchi identity [23]. Now plugging the constraints in
[24] we get,

Fαβ̇c = −iσcαβ̇G (34)

Here G is a Superfield. Thus overall we have the constraint (31) and (34).
So now we have everything we need to solve for AMN . These constraints are
sufficient to solve the 2-form.
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5 Solution

We will solve for AMN using equations(16-21) and (31,34). In the last section
we have already found Aαβ . Using constraint (31b) in field equation (17) we
get Aβc in terms of Aβν̇ and Uα,

i2σc(αν̇Aβ)c = D(αAβ)ν̇ +
1

2
D̄ν̇Aαβ (35)

Now we plug this in the field strength equation (18) and also use constraint
(31c). Finally we get the solution as,

Aαβ̇ = DαŪβ + D̄β̇Uα − i2σc
αβ̇
Uc (36)

The Uc superfield was added as it would vanish in a symmetric combination.
Now we will solve for Aαb Using constraint (31) in Field equation (18) we get,

DαAβν̇ +DβAαν̇ + D̄ν̇Aαβ + i2σc(αν̇Aβ)c = 0 (37)

We have put equation (36) to use here,

DαD̄ν̇Uβ +DβD̄ν̇Uα + D̄ν̇DαUβ + D̄ν̇DβUα − 2iσd(αν̇Dβ)Ud + i2σc(αν̇Aβ)c = 0
(38)

Simplifying this we get,

−i2σc(αν̇Aβ)c = 2iσd(αν̇Dβ)Ud + i2σc(αν̇Aβ)c (39)

From this we can read of the expression Aβc.

Aβc = DαUb − ∂bUα + iσbαν̇ V̄
ν̇ (40)

The additional chiral superfield V α was added since it does not appear in a
symmetric combination of σc(αν̇Aβ)c.

In a similar manner Aab can be found. To summarize we have found the
following results for AMN ,

Aαβ = DαUβ +DβUα (41)

Aαβ̇ = DαŪβ̇ + Ḋβ̇Uα − i2σc
αβ̇
Uc (42)

Aαb = iσbαν̇ T̄
ν̇ +DαUb − ∂bUα (43)

Aab =
i

4
[σνδabDνTδ + σ̄ν̇δ̇ab D̄ν̇ T̄δ̇] + ∂aUb − ∂bUa (44)

DαV̄β = 0 (45)

6 Transformation

With this we have expressed all components of AMN in terms of Ua,Uα and Vα.
Now we know that variation of a p-form is given in terms of (p-1)-form from
equation (11). So we need to have,

δAαβ = DαBβ +DβBα (46)
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Now from (33) we have,

δAαβ = DαδUβ +DβδUα (47)

Thus we can infer from (46) and (47) that,

δUα = Bα + iDαΛ (48)

Here Λ is a real superfield. Following a similar procedure we find that,

δTα = iD̄2DαΛ (49)

δUα = Bα + iDαΛ (50)

δUa = Ba + σβν̇a [Dβ , D̄ν̇ ]Λ (51)

Ba and Bα can be used to gauge away Uα and Ua. Thus everything an be
written in terms of spinor superfield Vα. From the Field Strength equation (19)
we find the form of G,

G =
1

2
(DαVα + D̄α̇V̄α̇) (52)

This matches with the expected value and thus, we have fully solved the equa-
tions.

7 Conclusion

We saw that to solve Bianchi identities we need the following constraints.

Fαβγ = 0 Fαβγ̇ = 0 Fαβc=0 (53)

Fαβ̇c = −iσcαβ̇G (54)

This gave us each component of AMN in terms of a spinor superfield Vα, just
like we wanted as in [2]. We also saw that the field strength was given as G
(52) whose form again matched with [2]. Hence we consistently solved the p=2
superform.

The non-trivial aspect of this calculation is finding the constraints. In this
short note our main concern was to solve the two form relations and hence not a
lot of thought was put in the origin of these constraints. For a detailed account
on how to find the constraints refer to [4].
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